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Preliminaries: networks

Definition 1 A network I' = (V/, T,s,r) consists of the set of vertices V,
the set of relations T, together with mappings s,r: T — P(V),
respectively called the source mapping and the range mapping for I', where
P(V) is the power set of V and for all t € T, s(t) and r(t) are disjoint
non-empty subsets of V.

Vi
V3 " s(t1) = {vi, v}
Va £ V3 ’
1
¥ . r(t1) = {va}
2
V={vi, va, v3, s} vs v s(t2) = {va}
th: e—— >e
T = {tl, t2} 2 r(t2) = {V4}
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Preliminaries: networks

Remark: If for all t € T s(t) and r(t) are singletons in a network

= (V, T,s,r) we identify ' with the underlying simple direct graph and
refer to it simply as a graph.
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Preliminaries: networks

Remark: If for all t € T s(t) and r(t) are singletons in a network
= (V, T,s,r) we identify ' with the underlying simple direct graph and
refer to it simply as a graph.
Let = (V, T,s,r) be a network. Put
TO={ACV:3teT,A=s(t)or A=r(t)} UV,

and for all A€ T, s(A) =r(A) = A
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Preliminaries: networks

Remark: If for all t € T s(t) and r(t) are singletons in a network
= (V, T,s,r) we identify ' with the underlying simple direct graph and
refer to it simply as a graph.

Let = (V, T,s,r) be a network. Put
TO={ACV:3teT,A=s(t)or A=r(t)} UV,
and for all A€ T, s(A) =r(A) = A

Definition 2 A path in a network I = (V, T,s,r) is a finite sequence
a = tity- - t, of elements of T U T? such that r(t;) Ns(ti11) # 0 for
i=1,2,---,n—1. Insuch a case, s(a) = s(t1) is the source of «,
r(a) = r(t,) is the range of .
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Preliminaries: networks

Remark: If for all t € T s(t) and r(t) are singletons in a network
= (V, T,s,r) we identify ' with the underlying simple direct graph and
refer to it simply as a graph.

Let = (V, T,s,r) be a network. Put
TO={ACV:3teT,A=s(t)or A=r(t)} UV,
and for all A€ T, s(A) =r(A) = A

Definition 2 A path in a network I = (V, T,s,r) is a finite sequence
a = tity- - t, of elements of T U T? such that r(t;) Ns(ti11) # 0 for
i=1,2,---,n—1. Insuch a case, s(a) = s(t1) is the source of «,
r(a) = r(t,) is the range of .

An element in T? is said to be an empty path.
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Preliminaries: networks

Let P(I') denote the set of all paths in a network I'. This includes the
zero-element 0 and TO.

P(M)={ty-tya:t;cT U T%r(t;)) N s(tiz1)#bfori=1,---,n—1}
u {0}
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Preliminaries: networks

Let P(I') denote the set of all paths in a network I'. This includes the
zero-element 0 and TO.

P(M)={ty-tya:t;cT U T%r(t;)) N s(tiz1)#bfori=1,---,n—1}
u {0}

Definition 3 If r(t;) = s(tjp1) fori=1,--- ,;n—1lina=t---t, € P(IN),
then « is said to be a linear path.
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Preliminaries: networks

Let P(I') denote the set of all paths in a network I'. This includes the
zero-element 0 and TO.

P(M)={ty-tya:t;cT U T%r(t;)) N s(tiz1)#bfori=1,---,n—1}
u {0}

Definition 3 If r(t;) = s(tjp1) fori=1,--- ,;n—1lina=t---t, € P(IN),
then « is said to be a linear path.

Let LP(I') denote the set of all linear paths in I'. This includes T but
does not contain the zero element 0.

LP(T) = {ty -ty € P(T)\ {0} : (t;) = s(ti1) for i =1,--- ,n— 1}.
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Background & Questions

Background
Let = (V, T,s,r) be a graph.
Q 1962, Leavitt path algebra —Leavitt, W. G.

@ 1975, Graph inverse semigroups —Ash, C. J. and Hall, T. E.

© 1998, Cuntz-Krieger graph C*-algebras —Kumyjian, A., Pask, D. and
Raeburn, .
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Background & Questions

Background
Let = (V, T,s,r) be a graph.
Q 1962, Leavitt path algebra —Leavitt, W. G.

@ 1975, Graph inverse semigroups —Ash, C. J. and Hall, T. E.

© 1998, Cuntz-Krieger graph C*-algebras —Kumyjian, A., Pask, D. and
Raeburn, .

Questions There exists a kind of paths p = t;t» - - - t,, of relations t; € Tr
with either r(t;) = s(tj11) or r(t;) # s(tir1) but r(t;) Ns(tiy1) # 0 for
i=1,...,n—1in a network. Naturally, one may ask what kind of
algebraic systems such paths may lead to?
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Preliminaries: right * abundant semigroups

e Green's star relations
e Right s-abundant semigroups

e Right ample semigroups
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Green's star relations

Let S be a semigroup. For all a,b € S,
al*b & Vx,y € 51(ax =ay < bx = by)

and
aR*b < Vx,y € S'(xa= ya & xb = yb).
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Green's star relations

Let S be a semigroup. For all a,b € S,
al*b & Vx,y € 51(ax =ay < bx = by)

and
aR*b < Vx,y € S'(xa= ya & xb = yb).

Notice that £ C £* and R C R* on any semigroup S. For any regular
elements a,b € S, (a,b) € L* if and only if (a, b) € £ and (a, b) € R* if
and only if (a, b) € R. In particular, if S is a regular semigroup, then
L*=Land R* =R.
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Right x-abundant semigroups

A semigroup is said to be a right abundant semigroup if each L*-class
contains an idempotent.
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Right x-abundant semigroups

A semigroup is said to be a right abundant semigroup if each L*-class
contains an idempotent.

Definition 4 A right abundant semigroup S is said to be a right
x-abundant semigroup if each £*-class of S contains a unique idempotent.

( Yanhui Wang) Network right *-abundant semigroups 27th Nov. 2024 9 /41



Right x-abundant semigroups

A semigroup is said to be a right abundant semigroup if each L*-class
contains an idempotent.

Definition 4 A right abundant semigroup S is said to be a right
x-abundant semigroup if each £*-class of S contains a unique idempotent.

Let S be a right *-abundant semigroup with set of idempotents E(S).
We denote the unique idempotent of E(S) in the L£*-class of a by a*.
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Right x-abundant semigroups

A semigroup is said to be a right abundant semigroup if each L*-class
contains an idempotent.

Definition 4 A right abundant semigroup S is said to be a right
x-abundant semigroup if each £*-class of S contains a unique idempotent.

Let S be a right *-abundant semigroup with set of idempotents E(S).
We denote the unique idempotent of E(S) in the L£*-class of a by a*.

Then * is a unary operation on a right x-abundant semigroup S and we
may regard S as an algebra of type (2,1) and call such algebras unary
algebras; as such, morphisms must preserve the unary operation of * (and
hence the relation £*). Of course, any semigroup isomorphism must
preserve the additional operations.
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Right ample semigroups

Definition 5 A right ample semigroup is defined to be a semigroup such
that

(i) each L*-class contains an idempotent;
(ii) the idempotents commute;

(iii) ea = a(ea)* for any element a in S and any idempotent e in S.

Dually, a left ample semigroup is defined. An ample semigroup is
defined to be a left and right ample semigroup.
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Right ample semigroups

Definition 5 A right ample semigroup is defined to be a semigroup such
that

(i) each L*-class contains an idempotent;
(ii) the idempotents commute;

(iii) ea = a(ea)* for any element a in S and any idempotent e in S.

Dually, a left ample semigroup is defined. An ample semigroup is
defined to be a left and right ample semigroup.

In particular, an inverse semigroup is ample, where af = aa~! and

a* = a~la, where al is the unique idempotent in the R*-class containing a
and a~! is the inverse of a.
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Constructions

Graphs = Graph inverse semigroups

Networks = Right x-abundant semigroups

Right ample semigroups

Inverse semigroups
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Graphs = Graph inverse semigroups

Let [ = (V, T,s,r) be a graph. For any t € T UV, we define t~! to be a
relation with
s(t™1) = r(t) and r(t71) = s(t).

Notice that v—1 = v for each v € V. Put

Tl={tt:teT}
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Graphs = Graph inverse semigroups

Let [ = (V, T,s,r) be a graph. For any t € T UV, we define t~! to be a
relation with

s(t™1) = r(t) and r(t71) = s(t).
Notice that v~! = v for each v € V. Put

Tl={tt:teT}

Definition 6 Let ' = (V/, T,s,r) be a graph. The graph inverse
semigroup is given by the presentation Ir := (X : R) where

X=TuVvuTtu{o}

and R consists of the following relations:
(V) uv =0y u for all u,v e V;

(E) s(t)t =t = tr(t) foreach t € TU T},
(CK1) t; Mty = Spypor(ty) forall 1,2 € T;
(0) 0x =0 = x0 for all x € X;

where ¢ is Kronecker Delta.
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Networks = Right *-abundant semigroups

Let T = (V, T,s,r) be a network. For any t € T U T°, we define t~* to
be a relation with

s(t71) = r(t) and r(t71) = s(t).
Notice that A= = A for each A € TO. Put

T ={t1t:teT}
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Networks = Right *-abundant semigroups

Definition 7 Let ' = (V/, T,s,r) be a network. The semigroup is given by
the presentation Qr := (X : R) where

X=TuTuTtu{o}
and R consists of the following relations:
(NR1) s(t)t =t =tr(t) for tc TUTOU T
(NRQ) titp =0 if r(t1) N S(tg) = for ti, b e TU TO U T_l;
(NR3) t; 'ty = 0if ty # tp for ty,tn € T;
(NR4) t~ Lt =r(t)for t € T;
(NR5) t 1A=0ifs(t)#Afort € T and Ac TO;
(NR6)

NR6) 0x = 0 = x0 for all x € X.
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Networks = Right *-abundant semigroups

Definition 7 Let ' = (V/, T,s,r) be a network. The semigroup is given by
the presentation Qr := (X : R) where

X=TuTuTtu{o}

and R consists of the following relations:

(NR1) s(t)t =t =tr(t) for tc TUTOU T

(NRQ) titp =0 if r(t1) N S(tg) = for ti, b e TU TO U T_l;
(NR3) t; 'ty = 0if ty # tp for ty,tn € T;

(NR4) t~ Lt =r(t)for t € T;

(NR5) t 1A=0ifs(t)#Afort € T and Ac TO;

(NR6) 0x = 0 = x0 for all x € X.

Remark: for A, B € T we regard AB as a path from A to B if
AN B #0.
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Networks = Right *-abundant semigroups

Definition 7 Let ' = (V/, T,s,r) be a network. The semigroup is given by
the presentation Qr := (X : R) where

X=TuTuTtu{o}

and R consists of the following relations:

(NR1) s(t)t =t =tr(t) for tc TUTOU T

(NRQ) titp =0 if r(t1) N S(tg) = for ti, b e TU TO U T_l;
(NR3) t; 'ty = 0if ty # tp for ty,tn € T;

(NR4) t~ Lt =r(t)for t € T;

(NR5) t 1A=0ifs(t)#Afort € T and Ac TO;

(NR6) 0x = 0 = x0 for all x € X.

Remark: for A, B € T we regard AB as a path from A to B if
AN B #0.

For any path a = tyto---t, € P(I') \ {0}, we define

-1, —1, -1

a T =ty cthh Th
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Networks = Right *-abundant semigroups

Proposition 1 The reduction system (X, —) where X = TUTOU T1,
u— v <& (u=xuy,v = xvjy for some x,y € X* (uj,v;) € R)

is a confluent rewriting system.
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Networks = Right *-abundant semigroups

Proposition 1 The reduction system (X, —) where X = TUTOU T1,
u— v <& (u=xuy,v = xvjy for some x,y € X* (uj,v;) € R)
is a confluent rewriting system.

Outline of Proof: show the one-step case (t1t2)t3 = t1(t2t3) for
ti,tr,t3 € TUTOU T1, that is, consider the situation

titot3

/N

uts tiv

we must show in each case that there exists w with
tiv

\/

( Yanhui Wang) Network right *-abundant semigroups 27th Nov. 2024 15 / 41



Networks = Right *-abundant semigroups

(NR1) s(t)t=t=tr(t)forte TUTU T}

(NR2) t1t2 =0ifr(t1)Ns(tr) =0 for t1,tr,€ TUT® U T L;
(NR3) t; 'ty = 0if ty # tp for t1, 6 € T;

(NR4) t~1t =r(t) for t € T;

(NRb) t~ 1A—01fs(t)7éAf0rt€ T and A e TO;

(NR6) 0x = 0 = x0 for all x € X.
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Networks = Right *-abundant semigroups

(NR1) s(t)t=t=tr(t)forte TUTU T}

(NR2) t1t2 =0ifr(t1)Ns(tr) =0 for t1,tr,€ TUT® U T L;
(NR3) t; 'ty = 0if ty # tp for t1, 6 € T;

(NR4) t~1t =r(t) for t € T;

(NR5) t 1A =0 if s(t )#Aforte T and A e TO;

(NR6) 0x = 0 = x0 for all x € X.

Remark: If we set AB=ANB thenfort € T, Ac T% and r(t™1) C A,
then we have

(T HA= (Tt H))A = tTTAS 0
by (NR1) and (NR5), and also we have
(A=t (r(t7HA) = (e — 7

by r(t 1)A=r(t"1)NA=r(t"1) and (NR1). Hence if we have
AB = AN B then the relation is not confluent.
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Networks = Right *-abundant semigroups

Certainly, the reduction system (X, —) where X = TUTOU T lisa

noetherian rewriting system. Consequently, every element of Qr has a
unique normal form as a word in X™T.

( Yanhui Wang)

Network right *-abundant semigroups

27th Nov. 2024 17 / 41



Networks = Right *-abundant semigroups

Certainly, the reduction system (X, —) where X = TUTOU T lisa

noetherian rewriting system. Consequently, every element of Qr has a
unique normal form as a word in X™T.

Definition 8 A path « = tity. .. t, is reduced (or irreducible) if

tho1 # S(tn), ti1# S(t,') and tjq1 #* r(t,-)

for 1 < i< n, where t;,tp,....,tpb€ TUT? and n€ N.
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Networks = Right *-abundant semigroups

Certainly, the reduction system (X, —) where X = TUTOU T lisa
noetherian rewriting system. Consequently, every element of Qr has a
unique normal form as a word in X™T.

Definition 8 A path « = tity. .. t, is reduced (or irreducible) if
tn—1 7# s(tn), tic1 # s(ti) and tiy1 # r(t;)
for 1 < i< n, where t;,tp,....,tpb€ TUT? and n€ N.

Lemma 1 For any non-zero path o € P(T'), s(a) = s(’) and r(a) = r(),
where o is the unique reduced path such that [a] = [¢/].
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Networks = Right *-abundant semigroups

Certainly, the reduction system (X, —) where X = TUTOU T lisa
noetherian rewriting system. Consequently, every element of Qr has a
unique normal form as a word in X™T.

Definition 8 A path « = tity. .. t, is reduced (or irreducible) if
tn—1 7# s(tn), tic1 # s(ti) and tiy1 # r(t;)
for 1 < i< n, where t;,tp,....,tpb€ TUT? and n€ N.

Lemma 1 For any non-zero path o € P(T'), s(a) = s(’) and r(a) = r(),
where o is the unique reduced path such that [a] = [¢/].

We put
RP(I) = {a e P(I') : av is reduced}

and
RLP(IN) ={a € LP(T) : « is reduced}.

( Yanhui Wang) Network right *-abundant semigroups 27th Nov. 2024 17 / 41



Networks = Right *-abundant semigroups

Theorem 1 Each element of @r has a unique normal form of one of the
following types:

(i) [ (i) [87%): (iii) [aB~"] and (iv) [0],
where o € RP(T), B € RLP(T") and in (iii) r(a) Nr(B) # 0.

( Yanhui Wang)
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Networks = Right *-abundant semigroups

Theorem 1 Each element of @r has a unique normal form of one of the
following types:

(i) [ods (i) [871; (iii) [B™"] and (iv) [0],
where o € RP(T), B € RLP(T") and in (iii) r(a) Nr(B) # 0.

We will say that a word w = a3~ with a € RP(T"), 8 € RLP(T) and
r(a) = r(B) is a right normal form.
(i) [o] = [aB~where 3 = r(a);
(i) (3] = [aB~Jwhere a = r(5);
(iii) |
S e P
where p = ar(f).
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Networks = Right *-abundant semigroups

( Yanhui Wang) Network right *-abundant semigroups 27th Nov. 2024 19 / 41



Networks = Right *-abundant semigroups

Corollary 1 Each non-zero element of Qr has a unique right normal form
representative o371, where a € RP(T'), 8 € RLP(T) and r(a) = r(B).
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Networks = Right *-abundant semigroups

Lemma 2 For any [a87 ], [ur~1] € Qr with a8~! and v~ in right
normal form, we have

[apr=1]  if B =r(a) and r(a) Ns(u) # 0

(08 [ = [aév™t]  if B RLP(T)\ T, p = j¢ for & € RP(T)
[a(vn)~1] if B € RLP(T)\ T° B8 = un for n € RP(T)
[0] otherwise.
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Networks = Right *-abundant semigroups

Lemma 2 For any [a87 ], [ur~1] € Qr with a8~! and v~ in right
normal form, we have

[apr=1]  if B =r(a) and r(a) Ns(u) # 0

[Ozfl/_l] if 5€ RLP(I') \ TO,M = B¢ for £ € RP(T)
[a(vn)~1] if B € RLP(T)\ T° B8 = un for n € RP(T)
[0] otherwise.

[as™ [ =

Lemma 3 The idempotent set of Qr is
E(Qr) = {laa™']: @ € RLP(T)} U {[0]},
which contains a subsemilattice

E=E(Q)\{[A]:Ae T° = {[aa™']:a € RLP(T)\ T°} U {0}.
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Networks = Right *-abundant semigroups

Lemma 4 For any [a871] € Qr \ {[0]} with a3~ in right normal form, we
have [a61] £° [5671].
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Networks = Right *-abundant semigroups

Lemma 4 For any [a871] € Qr \ {[0]} with a3~ in right normal form, we
have [a61] £° [5671].
Lemma 5 Suppose that [a871], [ur~] € Qr \ {[0]} where a3~ and
pv~t are in right normal form.

(i) [aB71] £* [ur~1] if and only if B = v;

(ii) if a, u € RLP(T), then [aB8~ Y R [ur~1] if and only if a = p;
(iii) if o € RLP(I) and p € RP(M)\RLP(I), then ([ap™Y], [ur~1]) € R*.
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Networks = Right *-abundant semigroups

Lemma 4 For any [a871] € Qr \ {[0]} with a3~ in right normal form, we
have [a61] £° [5671].

Lemma 5 Suppose that [a871], [ur~] € Qr \ {[0]} where a3~ and

pv~t are in right normal form.

(i) [aB7Y] £* [ur~1] if and only if 3 = v;
(ii) if a, u € RLP(T), then [aB8~ Y R [ur~1] if and only if a = p;
(iii) if « € RLP(T) and u € RP(F)\RLP(T), then ([aB71], [ur~1]) & R*.

Theorem 2 The semigroup Qr is a right x-abundant semigroup with a zero.
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Right ample semigroups

Put
Sr={[af7'1 € Qr:a e PR(T), B€ RLP(T)\ T° r(a) = r(8)} U {[0]}.

[aév™1]  if p = B¢ for some € € RP(T)
[04571][/“/71] =< [a(vn)Y] if B = pn for some n € RP(I)
[0] otherwise.
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Right ample semigroups

Put
Sr={[af7'1 € Qr:a e PR(T), B€ RLP(T)\ T° r(a) = r(8)} U {[0]}.

[aév™1]  if p = B¢ for some € € RP(T)
[04571][/17/71] =< [a(vn)Y] if B = pn for some n € RP(I)
[0] otherwise.

Clearly, the subsemilattice

E=EQ)\{[A:Ac T = {[aa"]: € RLP(T)\ T°} U {0}

is the set of all idempotents of Sr.
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Right ample semigroups

Put
Sr={[af7'1 € Qr:a e PR(T), B€ RLP(T)\ T° r(a) = r(8)} U {[0]}.

[aév™1]  if p = B¢ for some € € RP(T)
[0 v Y] = {[a<un)1] if 8= un for some n € RP(T)
[0] otherwise.
Clearly, the subsemilattice
E=E(Q)\{[A]: Ae T°% = {laa™"] : a € RLP(T)\ T°} U {0}
is the set of all idempotents of Sr.
For all [¢671] € E and [aB7Y] € Sr\ {[0]},

67 [ep™] = [aB (&€ B~ )"
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Right ample semigroups

Put
Sr={[af7'1 € Qr:a e PR(T), B€ RLP(T)\ T° r(a) = r(8)} U {[0]}.

[aév™1]  if p = B¢ for some € € RP(T)
[~ v~ = { [e(vm) Y] if B = pn for some n € RP(T)
[0] otherwise.
Clearly, the subsemilattice
E=E(Q)\{[Al: Ae T° = {[aa""] : @ € RLP(T)\ T°} U {0}
is the set of all idempotents of Sr.
For all [¢671] € E and [aB7Y] € Sr\ {[0]},
(¢ Nas™ = [as ([ a8~

Proposition 2 The semigroup Sr is a right ample semigroup with a zero
element.
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Inverse semigroups

Lemma 6 If [a87 1] € Qr \ {[0]} is regular with a3~ in right normal form
then
a,B € RLP(T) and [aa Y] R [aB7Y] £ [B87Y],

where [aa™ 1, [8871] € E(Qr).
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Inverse semigroups

Lemma 6 If [a87 1] € Qr \ {[0]} is regular with a3~ in right normal form
then
a,B € RLP(T) and [aa Y] R [aB7Y] £ [B87Y],

where [aa™ 1, [8871] € E(Qr).
Put

Rr={[aB7 Y€ Sr:a,6eRLP(T)\ T and r(a) =r(3)} U{[0]}.

( Yanhui Wang) Network right *-abundant semigroups 27th Nov. 2024 23 /41



Inverse semigroups

Lemma 6 If [a87 1] € Qr \ {[0]} is regular with a3~ in right normal form
then

a,B € RLP(T) and [aa Y] R [aB7Y] £ [B87Y],
where [aa™1], [B671] € E(Qr).
Put

Rr={[aB7 Y€ Sr:a,6eRLP(T)\ T and r(a) =r(3)} U{[0]}.

Clearly, Rr C Sr and

E(Rr) = E(Sr) = {[ea™] : @ € RLP(T) \ T°} U {0}.
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Inverse semigroups

Lemma 6 If [a87 1] € Qr \ {[0]} is regular with a3~ in right normal form
then

a,B € RLP(T) and [aa Y] R [aB7Y] £ [B57Y,
where [aa™1], [B671] € E(Qr).

Put

Rr={[aB7 Y€ Sr:a,6eRLP(T)\ T and r(a) =r(3)} U{[0]}.

Clearly, Rr C Sr and

E(Rr) = E(Sr) = {[ea™] : @ € RLP(T) \ T°} U {0}.

Corollary 2 The semigroup Rr is a fundamental inverse subsemigroup of
Sr.
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Congruence-free

A semigroup is said to be congruence-free if it has only two congruences,
the identity congruence and the universal congruence.
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Congruence-free

A semigroup is said to be congruence-free if it has only two congruences,
the identity congruence and the universal congruence.

A right x-abundant semigroup is said to be x-congruence-free if it has

only two unary semigroup congruences, the identity congruence and the
universal congruence.
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Congruence-free

A semigroup is said to be congruence-free if it has only two congruences,
the identity congruence and the universal congruence.

A right x-abundant semigroup is said to be x-congruence-free if it has
only two unary semigroup congruences, the identity congruence and the
universal congruence.

A x-ideal of a right abundant semigroup S is an ideal of S which is
closed under the relation £*. It is easy to see that if we regard a right
x-abundant semigroup S as a unary semigroup and / is a proper x-ideal of
S then p; = (I x 1)U 15 is a unary semigroup congruence on S.
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Congruence-free

Lemma 7 Let | = {[aB87! € Qr:a € RP(I')\ RLP(I)} U {[0]}. Then /is
a proper ideal of Qr. Further p; = (I x ) U1lg, is an idempotent
separating congruence on Q.
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Congruence-free

Lemma 7 Let | = {[aB87! € Qr:a € RP(I')\ RLP(I)} U {[0]}. Then /is
a proper ideal of Qr. Further p; = (I x ) U1lg, is an idempotent
separating congruence on Q.

Lemma 8 Let | = {[aB~Y] € Sr:a € RP(F)\ RLP(T)} U {[0]}. Then I is
a proper ideal of Sr. Further p; = (I x I) U 1, is an idempotent
separating congruence on Sr.
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Congruence-free

Lemma 7 Let | = {[aB87! € Qr:a € RP(I')\ RLP(I)} U {[0]}. Then /is
a proper ideal of Qr. Further p; = (I x ) U1lg, is an idempotent
separating congruence on Q.

Lemma 8 Let | = {[aB~Y] € Sr:a € RP(F)\ RLP(T)} U {[0]}. Then I is
a proper ideal of Sr. Further p; = (I x I) U 1, is an idempotent
separating congruence on Sr.

Qr and Sr are never congruence-free if they have non-regular elements.
Notice that if t is a relation in [ with | s(t) |> 1 and v € s(t), then we get
vt € RP(I')\ RLP(T') and so [vtt~!] € St C Qr is a non-regular element.
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Congruence-free

Lemma 7 Let | = {[aB87! € Qr:a € RP(I')\ RLP(I)} U {[0]}. Then /is
a proper ideal of Qr. Further p; = (I x ) U1lg, is an idempotent
separating congruence on Q.

Lemma 8 Let | = {[aB~Y] € Sr:a € RP(F)\ RLP(T)} U {[0]}. Then I is
a proper ideal of Sr. Further p; = (I x I) U 1, is an idempotent
separating congruence on Sr.

Qr and Sr are never congruence-free if they have non-regular elements.
Notice that if t is a relation in [ with | s(t) |> 1 and v € s(t), then we get
vt € RP(I')\ RLP(T') and so [vtt~!] € St C Qr is a non-regular element.

Theorem 3 If [ = (V, T,s,r) is a network and there exists t € T with
| s(t) |> 1, then Qr and Sr are not congruence-free as a semigroup.
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Qr Congruence x-free

Let F = (V, T,r,s) be a network. For each A C V the cardinality of the
set {t € T :s(t) = A} is called the out-index of A in T, denoted by o(A).

( Yanhui Wang) Network right *-abundant semigroups 27th Nov. 2024 26 / 41



Qr Congruence x-free

Let F = (V, T,r,s) be a network. For each A C V the cardinality of the
set {t € T :s(t) = A} is called the out-index of A in T, denoted by o(A).

Lemma 9 Let [ = (V, T,r,s) be a network and let t € T be such that
o(r(t)) = 0 and there does not exist A € T°\ V with r(t) C A. Then the
principal ideal / generated by [tt~!] is a proper *-ideal of Qr, where
= Qr[tt]Qr
={[aB™ "] : a € RP(T), B € RLP(T), () = r(8) = r(t)} U {[0]}.
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Qr Congruence x-free

Let F = (V, T,r,s) be a network. For each A C V the cardinality of the
set {t € T :s(t) = A} is called the out-index of A in T, denoted by o(A).

Lemma 9 Let [ = (V, T,r,s) be a network and let t € T be such that
o(r(t)) = 0 and there does not exist A € T°\ V with r(t) C A. Then the
principal ideal / generated by [tt~!] is a proper *-ideal of Qr, where

= Qr[tt]Qr
= {[aB7']: @ € RP(T), B € RLP(T),r(a) = r(8) = r(t)} U {[0]}.

Theorem 4 If [ = (V, T,s,r) is a network and there exists t € T such
that o(r(t)) = 0 and there does not exist A € T°\ V with r(t) C A, then
Qr is not x-congruence-free as a unary semigroup.
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Sr Congruence x-free

Lemma 10 Let [ = (V/, T,r,s) be a network with |T| > 1 and let t,qe T
be such that o(r(t)) = 0, r(t) # r(q) and there does not exist A€ T°\ V
with r(t) C A. Then the principal ideal generated by [tt~1] is a proper
*-ideal of Sr, where

| = St[tt~YSt
= {[aB7Y]: @ € RP(T), 8 € RLP()\ T r(a) = r(8) = r(t)} U {[0]}.
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Sr Congruence x-free

Lemma 10 Let [ = (V/, T,r,s) be a network with |T| > 1 and let t,qe T
be such that o(r(t)) = 0, r(t) # r(q) and there does not exist A€ T°\ V
with r(t) C A. Then the principal ideal generated by [tt~1] is a proper
*-ideal of Sr, where

| = St[tt~YSt
= {[aB7Y]: @ € RP(T), 8 € RLP()\ T r(a) = r(8) = r(t)} U {[0]}.
Theorem 5 If ' = (V, T,r,s) is a network with |T| > 1 and let t,q € T

be such that o(r(t)) = 0, r(t) # r(q) and there does not exist A€ T°\ V
with r(t) C A, then Sr is not x-congruence-free as a unary semigroup.

( Yanhui Wang) Network right *-abundant semigroups 27th Nov. 2024 27 / 41



Rr Congruence-free

Lemma 11 Let [ = (V, T,r,s) be a network with |T| > 1 and let t,qe T
be such that o(r(t)) = 0, r(t) # r(q) and there does not exist A€ T°\ V

with r(t) € A. Then the principal ideal / generated by [tt~1] is a proper
ideal of Rr, where

I = Rr[tt Y Rr
= {[aB™"] s a, 8 € RLP(N)\ T r(a) = r(8) = r(£)} U {[0]}.
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Rr Congruence-free

Lemma 11 Let [ = (V, T,r,s) be a network with |T| > 1 and let t,qe T
be such that o(r(t)) = 0, r(t) # r(q) and there does not exist A€ T°\ V
with r(t) € A. Then the principal ideal / generated by [tt~1] is a proper
ideal of Rr, where

I = Rr[tt Y Rr
= {[aB™"] s a, 8 € RLP(N)\ T r(a) = r(8) = r(£)} U {[0]}.

Theorem 6 If = (V, T,r,s) is a network with |T| > 1 and let t,q € T
be such that o(r(t)) = 0, r(t) # r(q) and there does not exist A€ T°\ V
with r(t) C A, then Rr is not congruence-free.
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An example

Let = (V, T) be a network as shown in the following, where
V ={vi,vo,v3,va} and T = {t1, tr},

where t; = ({v1, v}, {v3}) and to = ({vs},{va}).

Vi
V3
va
V2

We get
TO={AlUV,

where A = {vi, vo}.
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An example

Vi
v3

7

V2

Let X = {v1, vo, A}, where A = {vq, o},

Xy = {w € X : vivi, vava, AA, viva and vavy are not subwords in w}

" Xa={we Xy, w=pux,x € X\ {A}}.
We have

RP(MN) = TUTOU Xy, ., UXat1 UXatita U{t1t2}
and

RLP(T) = TU T U {t:t}.

30 / 41
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An example

Qr = {[ar(a)] : € RP(N)} U{[r(B)671] : B € RLP(T)}
U{[aB7] : a,B € RLP(T) and r(a) = r(B)}
U{lat; ] 1 a € XaAU Xat1}
U{laty ] a € Xatitr} U {[a(tita) Y] s a € Xatita} U {[0]},

Sr={[r(8)8~": B € RLP(N)\ T%}
U{[aB7]:a € RLP(T),3 € RLP(T)\ T° and r(a) = r(B)}
U{lat; ] 1 a € XaAU Xat1}
U{laty ] a € Xatita} U {[a(tita) Y] - a € Xatita} U {[0]},
and
Re = {laf™"): .8 € RLP(T)\ T° and r(a) = ¥(8)} U {[0]}
= {[nt"], [, [ntaty '], [ta(ti2) Y], [0}
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An example

Lemma 9 Let I = (V, T,r,s) be a network and let t € T be such that
o(r(t)) = 0 and there does not exist A € T9\ V with r(t) C A. Then the
principal ideal / generated by [tt~!] is a proper *-ideal of Qr.

>—£ﬂ V4 r V3 S(tl) = {V17 VQ}
t1 :
V2 : r(t1) = {vs}
V2

V={v, v, v3, g} v va s(t2) = {v3}
ty :
T ={t1, 1} 20 > r(t2) = {va}
We have
T ={A}UV,
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An example

Set

h = Qrltat; ']Qr
={laf™]: a € RP(T), B € RLP(T),¢(a) = r(8) = r(t2)} U {[0]}
= {[ar(tz)] : @ € {to,r(t2), it} U Xatita} U {[r(t2)B7Y] : B € {t2, tita}}
U{[aB7Y]:a,B € {tr, tita}}
U{laty ] a € Xatita} U {[a(tita) Y] s a € Xatita} U {[0]},

Then I is a proper *-ideal of Qr.
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An example

Lemma 10 Let [ = (V/, T,r,s) be a network with |T| > 1 and let t,qe T
be such that o(r(t)) = 0, r(t) # r(q) and there does not exist A€ T°\ V
with r(t) C A. Then the principal ideal generated by [tt~1] is a proper
x-ideal of Sr.

Vi

>—>‘/~3ﬁﬂ V4 k V3 S(tl) = {Vla V2}
t1 :
V2 : r(t1) = {vs}
V2
V= v o w o se)=(w)
T ={t, t2} f2: >e () = {va)

We have T = {A} U V where A = {vi, v2}.
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An example

Set

h = St(t2t, ]St
= {[aB7"]: € RP(T), 8 € RLP(T)\ T r(a) = r(8) = r(12)} U {[0]}
= {[r(2)871]: B € {2, t1t2}}
U{[af™Y:a,p e {t, tits}}
U{laty ] a € Xatitr} U {[a(tita) ™Y - a € Xatita} U {[0]}

Then I is a proper x-ideal of Sr;
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An example

Set

I3 = Rr[tgtz_l]Rr
={[aB™ ] s a, B € RLP(N)\ T r(a) = r(B) = r(t2)} U {[0]}
= U{[aB Y], B € {to, tita} } U {[0]}.

Then I3 is a proper ideal of Rr.
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Homomorphisms

Definition 9 A homomorphism ¢ = (¢, ¢7) from I = (Vr, Tr,s,r) to
A = (Va, Ta,s,r) consists of two maps ¢y : Vi — Va and
¢1 : Tr — T such that for all t € Tr
s(t)p = {voy : v es(t)} =s(todr)
and

((t)6 = {vov : v € r(t)} = r(to7).
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Homomorphisms

Definition 9 A homomorphism ¢ = (¢, ¢7) from I = (Vr, Tr,s,r) to
A = (Va, Ta,s,r) consists of two maps ¢y : Vi — Va and
¢1 : Tr — T such that for all t € Tr

5(t)¢ = {vov : v € s(t)} = s(tor)

and

((t)6 = {vov : v € r(t)} = r(to7).

A mapping ¢ = (¢v,o1) from I = (Vr, Tr,s,r) to A = (Va, Ta,s,r),
is called bijective if ¢ and ¢ 1 are bijective. A bijective homomorphism ¢
is an isomorphism.
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Homomorphisms

Definition 9 A homomorphism ¢ = (¢, ¢7) from I = (Vr, Tr,s,r) to
A = (Va, Ta,s,r) consists of two maps ¢y : Vi — Va and
¢1 : Tr — T such that for all t € Tr

s(t)p = {voy : v es(t)} =s(todr)

and

((t)6 = {vov : v € r(t)} = r(to7).

A mapping ¢ = (¢v,o1) from I = (Vr, Tr,s,r) to A = (Va, Ta,s,r),
is called bijective if ¢ and ¢ 1 are bijective. A bijective homomorphism ¢
is an isomorphism.

Networks I and A are said to be isomorphic if there exists an
isomorphism from I" to A. If two networks [ and A are isomorphic we
write it as [ =2 A,
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Homomorphisms

Let S be an semigroup with a set E(S) of all idempotents. The relation <
defined by for all a,b € S,

a<bifandonly if a=xb=by, xa=a
for some x,y € S, is a partial order on S called the natural partial order
of S [5]. When the natural partial order is restricted to the set E(S) it is
as follows: for all e, f € E(S),

e < fifand only if e = ef = fe.

Further, E(S) is a partially ordered set with respect to <. In particular, if
E(S) is a semilattice, for all e, f € E,

e < f if and only if e = ef.
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Homomorphisms

Lemma 12 Let E(Qr) be the set of all idempotents of Qr and let < be the

natural partial order on Qr defined above. Then the following statements
hold.

(i) An idempotent [cv™1] is maximal in E(Qr) with respect to < if and
only if « € TY;

(i) An idempotent [aa ] is maximal in E = E(Qr) \ {[A] : A€ T}
with respect to < ifand only if a € T.
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Homomorphisms

Lemma 12 Let E(Qr) be the set of all idempotents of Qr and let < be the
natural partial order on Qr defined above. Then the following statements
hold.
(i) An idempotent [cv™1] is maximal in E(Qr) with respect to < if and
only if « € TY;
(i) An idempotent [aa ] is maximal in E = E(Qr) \ {[A] : A€ T}
with respect to < ifand only if a € T.

Theorem 7 Let ' = (Vr, Tr,s,r) and A = (Va, Ta,s,r) be two networks.
Then T =2 A if and only if Qr = QAa.
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